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Abstract
We introduce the holonomy of a singular leaf L of a singular foliation as a sequence of group
morphisms from pin(L) to the pin−1 of the universal Lie ∞-algebroid of the transverse foliation
of L. We include these morphisms in a long exact sequence, thus relating them to the holonomy
groupoid of Androulidakis and Skandalis and to a similar construction by Brahic and Zhu for Lie
algebroids.
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Introduction
The holonomy of a leaf L of a regular foliation F on a manifold M is defined [Ehr51,Ree52,Hae62] as
a group morphism:
Hol : pi1(L, `) 7→ Diff`(T`), (1)
where pi1(L) is the fundamental group of L and Diff`(T`) is the group of germs of diffeomorphisms
of a transversal T` of L at a point ` ∈ L. Assuming the existence of Ehresmann connections on a
tubular neighborhood of L, the group morphism (1) then takes values in the group of diffeomorphisms
of some fixed transversal. The construction of Hol consists in lifting paths on L with end points `, `′
to a diffeomorphism T` ' T`′ , then in showing that homotopic paths induce the same diffeomorphism.
Consider now a singular foliation [Her63, Cer79, Deb01, AS09], i.e. a “locally finitely generated sub-
module F of the module of vector fields, stable under Lie bracket”. By Hermann’s theorem [Her62],
singular foliations induce a partition of M into submanifolds called leaves of the foliation. Unlike for
regular foliations, the leaves may not be all of the same dimension. Those leaves around which the
dimension jumps are called singular leaves. This leads us to the natural:
Question. How to define an analogue of the holonomy (1) for a singular leaf of a singular foliation?
Dazord proposed in 1985 an answer, which consists of a group morphism from the fundamental group
of the leaf to the bijections of the orbit space of the transversal. Recently, Androulidakis and Zambon
[AZ13, AZ14] used the holonomy Lie groupoid of a singular foliation [AS09] as a replacement for
the fundamental group for a singular leaf. Using the universal Lie ∞-algebroid of a singular foliation
discovered in [LgLS17], we propose a construction of “higher holonomies” taking into account the higher
homotopy groups of the singular leaves. The first of these holonomies is the one defined in [Daz85]. We
are also able relate our construction to Andoulidakis and Zambon’s holonomy, but our construction
differs from them.
Recall that to most1 singular foliations F on M , Sylvain Lavau, Thomas Strobl and C.L. associated
in [LgLS17] a Lie∞-algebroid UF , constructed over resolutions of F as a module over smooth functions
on M . Although the construction of UF relies on several choices, it is unique up to homotopy. In
particular, its homotopy groups pin(UF ,m), at a point m ∈M , i.e. homotopy classes of maps from Sn
to UF mapping the north pole to m, depend only on the singular foliation F . We can therefore denote
these groups as pin(F ,m), without any reference to the universal Lie ∞-algebroid UF . Altogether,
these groups form a bundle of groups over M that we denote by pin(F). Last, we denote its group of
(smooth) sections by Γ(pin(F)). For n = 0, Γ(pi0(F)) consists in bijections of the orbit space M/F
that come from a leaf-preserving smooth diffeomorphism of M .
Now, let us choose a leaf L. Every submanifold T transverse to L comes equipped with a singular
foliation, which does not depend on the choice af T , see [Cer79,Daz85,AS09]. It is called the transverse
foliation and we denote it by T` , with ` the intersection point T ∩ L. We claim that a reasonable
answer to the question above is to define the higher holonomies as a sequence of group morphisms:
Hol : pin(L, `) 7→ Γ(pin−1(T`)), (2)
that we show in the present article to exist, provided that the leaf L admits a complete Ehresmann
connection. If no complete Ehresmann connection exists, then the constructions still make sense, but
at the level of germs, as we shall see in a subsequent article. We also justify the interest of the definition
by showing that these morphisms belong to a long exact sequence:
· · · → pin+1(L, `) Hol−→ pin(T`,m)→ pin(F ,m)→ pin(L, `) Hol−→ pin−1(T`,m)→ . . . . (3)
1More precisely, the universal Lie ∞-algebroid is shown in [LgLS17] to exist for any singular foliation that admits a
geometric resolution. This happens in particular for locally real analytic singular foliations, that is singular foliations
that have, in a neighborhood of every point, generators which are real analytic in some local coordinates. This class is
quite large.
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for all m ∈ p−1(`).
Indeed, the existence of such a long exact sequence is a general phenomenon for NQ-manifold fibrations
and is proven in this context, see Theorem 1.28. This extends a Theorem of Olivier Brahic and
Chenchang Zhu [BZ11] about Lie algebroids, which was an important inspiration for the present work.
This construction is quite involved and is addressed in Section 1.
In Section 2, we apply the results of Section 1 to the universal Lie ∞-algebroid of a singular foliation:
we first carefully justify that we are in a context where this construction is possible, and study the
existence of an Ehresmann connection. Eventually, this allows us to construct the higher holonomies
(2) and to verify the exact sequence (3).
We finish this article by relating our higher holonomies Hol with several Lie algebroids and groupoids.
On the one hand, our higher holonomies are universal in the following sense: assume that there exists
a Lie groupoid G whose leaves are the leaves of F . Then, Brahic-Zhu’s theorem implies that there
exists for every leaf L, group morphisms:
δBZ : pin(L, `) 7→ Σn−1(G)
valued in a group Σn−1(G) that shall be introduced later. There are canonical group morphisms
ψ : Σn−1(G) → Γ(pin−1(T`)) by universality of UF . The higher holonomies Hol coincide with the
composition Hol = ψ ◦ δBZ .
On the other hand, our higher holonomies are a refinement of a holonomy naturally associated to
Androulidakis and Skandalis holonomy groupoid F of the singular foliation F , that we also construct
HolAS : pin(L, `)→ Σn−1(F).
There are canonical group morphisms φ : Γ(pin−1(T`))→ Σn−1(F) (that correspond to 1-truncation of
the NQ-manifold UF ) and we show that HolAS = φ ◦Hol.
Convention. For G a groupoid over a manifold M , and X,Y ⊂M , we use the following notations:
G|X = s−1(X) , G|Y = t−1(Y ) and G|YX = s−1(X) ∩ t−1(Y ).
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1 Homotopy groups of NQ-manifolds
1.1 On NQ-manifolds and Lie ∞-algebroids
1.1.1 NQ-manifolds, morphisms and homotopies
An NQ-manifold structure over a manifold M is a graded vector bundle V = ⊕di=1Vi concentrated in
degrees ranging from +1 to d together with a derivation Q of degree plus one and squaring to zero of
its functions, i.e. the graded commutative algebra of sections of S(V ).
Example 1.1. Any manifold Σ can be seen as an NQ-manifold: Its functions are the exterior forms
Ω•Σ equipped with the de Rham differential ddR.
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A Lie ∞-algebroid structure over a manifold M is a graded vector bundle (E−i)di=1 concentrated in
degrees ranging from −1 to −d whose sections come equipped with a graded symmetric Lie∞-algebra
structure {lk}k≥1. We assume that lk are C∞M -linear, except for l2 which satisfies:
l2(x, fy) = f l2(x, y) + ρ(x)[f ] y ∀f ∈ C∞M , x ∈ E−1 and y ∈ Γ(E−i),
for some vector bundle morphism ρ : E−1 → TM called the anchor map.
It is well-known [Vor10] that NQ-manifolds and Lie ∞-algebroid structures over a given manifold M
are in one-to-one correspondence. Under this correspondence, the underlying vector bundles of both
structures are dual to one another: E−i = V ∗i for all i = 1, . . . , d. Given an NQ-manifold (resp. a
Lie ∞-algebroid), it makes therefore sense to refer to its dual Lie ∞-algebroid (resp. NQ-manifold).
Given a Lie ∞-algebroid structure over M as above, F := ρ(Γ(E−1)) is easily shown to be a singular
foliation, called the basic singular foliation. Also, l1 is C∞M -linear and
· · · l1→ E−3 l1→ E−2 l1→ E−1 ρ→ TM
is a complex of vector bundles, called the linear part of E•. We call basic singular foliation and linear
parts of an NQ-manifold those of its dual Lie ∞-algebroid.
Example 1.2. For Σ a manifold, the dual of the NQ-manifold with functions Ω•Σ and differential ddR
is the tangent Lie algebroid TΣ.
Notation 1.3. NQ-manifolds shall be denoted as V = (V•,M,Q) where M is a manifold, V• is the
graded vector bundle over M and Q is the derivation of Γ(S(V )). As an exception to this convention,
the NQ-manifold associated to a manifold Σ shall simply be denoted by Σ.
Let V = (V•,M,Q) and V′ = (V ′• ,M ′, Q′) be NQ-manifolds. An NQ-manifold morphism Φ : V → V′
is by definition a graded commutative differential algebra morphism Φ∗ : Γ(S(V ′)) → Γ(S(V )). The
latter is entirely described by:
• a smooth map φ : M →M ′ called the base map of Φ;
• a sequence (φn)n≥1 of degree zero vector bundle morphisms φn : Sn(E) → E′ over φ called the
Taylor coefficients of Φ.
For instance, an NQ-manifold morphism I × V→ V′ is a differential graded algebra morphism2:
Φ: (Γ(S(V ′)), Q′) −→ (Γ(S(V ))⊗˜Ω•I , Q′ + ddR).
For any t ∈ I, Φ admits a restriction to an NQ-manifold morphism Φt : V ↪→ {t} × V → V′. The
NQ-morphism Φ: I × V→ V′ is said to be constant if the following diagram commutes:
I × V
Φ

pr // V
Φ0||
V′.
Remark 1.4. For a constant NQ-manifold morphism I × V→ V′, the restrictions Φt do not depend
on t ∈ I. However Φt = Φ0 for all t ∈ I does not imply that Φ is constant.
Definition 1.5. A homotopy between two NQ-manifold morphisms Φ0,Φ1 : V → V′ is an NQ-
manifold morphism I × V → V′ whose restrictions to the end points of I = [0, 1] are Φ0 and Φ1
respectively.
2The symbol ⊗˜ stands for the following operation: For V = (V•,M,Q) and V′ = (V ′• ,M ′, Q′) NQ-manifolds, we shall
denote by Γ(S(V ))⊗˜Γ(S(V ′)) sections over M ×M ′ of the symmetric algebra of the bundles p∗1V ⊕ p∗2V ′ with p1, p2
the natural projections. This algebra contains the tensor product Γ(S(V )) ⊗ Γ(S(V ′)), and defines an NQ-manifold
structure that we denote by V× V′.
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A homotopy [0, 1] × V → V′ between NQ-manifold morphisms Φ0 and Φ1 constant after restriction
to [1 − , 1] × V → V′ and a homotopy [0, 1] × V → V′ between NQ-manifold morphisms Φ1 and Φ2
constant after restriction to [0, η] × V → V′ can be concatenated so that the concatenation remains
smooth. Also, any homotopy can be transformed by a smooth rescaling of I to a homotopy with this
property.
Consider a graded manifold with functions Γ(S(V )) over M . Every degree zero vector field Y ∈
Der(Γ(S(V ))) induces a derivation of C∞M = Γ(S0(V )), i.e. a vector field Y on the base manifold M .
Lemma 1.6. Let Y be a degree zero vector field on an NQ-manifold V over a manifold M .
1. For all fixed t ∈ R, the vector field Y admits a time-t flow ΦYt : Γ(S(V ))→ Γ(S(V )) in the sense
of graded manifolds if and only if the induced vector field Y on M admits a time-t flow.
2. Assume Y is closed, i.e. [Y,Q] = 0. Then, for any admissible t, the flow ΦYt : V → V is an
NQ-morphism.
3. Assume Y is exact, i.e. there exists X such that [X,Q] = Y . Then there exists an NQ-morphism
ΦX : R× V→ V,
maybe defined in a neighborhood of {0}×V only, such that for all admissible t ∈ R, the restriction
ΦXt : V→ V is the flow of [X,Q] at time t. In particular all ΦYt are homotopic NQ-morphisms.
Proof. For the two first points, see Chapter 5 in [Tuy04] (that deals with super-manifolds, instead of
graded manifolds, but the arguments can be repeated word by word). Let us prove the third item.
Consider the following map 3:
Γ(S(V )) → Γ(S(V )) ⊗˜Ω(I)
F 7→ ΦYt (F )⊗ 1 +X ◦ ΦYt (F )⊗ dt
It is easily checked to be a graded algebra morphism. Furthermore, the differential equation
∂ΦYt
∂t
= Y ◦ ΦYt = [X,Q] ◦ ΦYt = (X ◦ ΦYt ) ◦Q+Q ◦ (X ◦ ΦYt )
implies that it intertwines Q and Q+ ddR. This completes the proof.
1.1.2 Definition of homotopy groups of NQ-manifolds
We summarize in this section several ideas coming from Sˇevera, see [Sˇev17] and [SˇM15].
Let V = (M,V, Q) be an NQ-manifold. Let E−i = V ∗i and ρ be the vector bundles defining its
dual Lie ∞-algebroid and its anchor. By abuse of language, we call map from a manifold Σ to V an
NQ-manifold morphism Φ from the NQ-manifold Σ to the NQ-manifold V, i.e. a differential graded
commutative algebra morphism
Φ : (V, Q) 7→ (Ω•Σ,ddR). (4)
The latter is entirely described by:
• its base map, which is a smooth map φ : Σ→M
• its Taylor coefficients φn : ∧n TΣ→ E−n.
3As in Section 3.4.4 in [LgLS17], we implicitly consider elements of degree k in Γ(S(V ))⊗˜ΩI as being elements of the
form Ft ⊗ 1 + Gt ⊗ dt with Ft, Gt ∈ Γ(S(V )) being elements of degree k and k − 1 respectively that depend smoothly
on a parameter t ∈ I.
5
Example 1.7. Let m ∈ M be a point and Σ a manifold. A map Φ: Σ → V is said to be constantly
m if its base map is a constant map equal to m ∈ M and all Taylor coefficients are equal to zero. It
shall be denoted by m.
Let us now define the homotopy and fundamental groups based at m. Let N be the north pole of
the sphere Sn. Consider the set of homotopy classes of maps from Sn to V whose restriction to a
neighborhood of the north pole is constantly m. As for usual manifolds, this set has a group structure,
and this group is Abelian for all n ≥ 2. For n ≥ 2, it is referred to as the n-th homotopy group based
at m and denoted by pin(V,m). For n = 1, we call it the fundamental group of (V, Q) based at m ∈M .
Consider now the set of homotopy classes of paths, (i.e. NQ-morphisms from I = [0, 1] to V) valued in
V which are constant near 0 and 1. This set comes equipped with a natural groupoid structure over
M , referred to as the fundamental groupoid of V and denoted by Π(V)⇒M .
Proposition 1.8. Let (V, Q) and (V′, Q′) be two NQ-manifolds.
1. An NQ-morphism Φ: V → V′ with base morphism φ induces a group morphism pin(V,m) →
pin(V′, φ(m)) for all m ∈M and a groupoid morphism Π(V)→ Π(V′).
2. Two homotopic NQ-morphisms Φ0,Φ1 over the same base map φ induce the same group and
groupoids morphisms.
Proof. We prove it for homotopy groups: the proof for the fundamental groupoid is similar. The group
and groupoid morphisms in the first item are simply induced by the push-forward:
{Map(Sn,V)} −→ {Map(Sn,V′)},
σ 7→ Φ ◦ σ
which transforms a map constantly m to a map constantly φ(m) in a neighborhood of the north pole,
and transforms compatible maps into compatible maps. For the second item, it suffices to check that
for Φ: I ×V→ V′ a homotopy between Φ0 and Φ1, the composition Φ ◦ (id× σ) : I ×Sn → V′ is a for
every σ ∈ Map(Sn,V) a homotopy relating Φ0 ◦ σ and Φ1 ◦ σ.
Here is an important consequence of this proposition.
Corollary 1.9. The homotopy groups, fundamental groups and fundamental groupoids of any two
homotopy equivalent NQ-manifolds are isomorphic.
The following lemma will also be of interest:
Lemma 1.10. Let L be the leaf through m of an NQ-manifold (V, Q). Then the restriction iLV of
V to L is an NQ-manifold and pin(V,m) = pin(iLV,m). Also, the induced singular foliation of the
fundamental groupoid Π(V) is the basic singular foliation of V.
Proof. This lemma follows obviously from the fact that the base map of an NQ-manifold morphism
from a connected manifold to V can not “jump” from one leaf to an other leaf, and has to be valued
in a given V-leaf.
Altogether, homotopy groups (pin(V),m)m∈M of an NQ-manifold V with base manifold M form a
bundle of groups over M , that we call the n-th homotopy group bundle.
Definition 1.11. A section σ : m 7→ σ(m) ∈ pin(V,m) of the n-th homotopy group bundle is said to be
smooth there exists an NQ-morphism M × Sn → V whose restriction to {m} × Sn is a representative
of σ(m) for all m ∈M . We denote these smooth sections by Γ(pin(V)).
For the fundamental groupoid, smooth sections of the source map, and smooth bisections, are defined
in the same way.
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Let us spell out the special case n = 0. We define pi0(V,m) = M/V to be the pointed set M/V of
V-orbits4, the orbit of m being the marked point. Also:
Definition 1.12. We define Γ(pi0(V)) to be the group Diff(M/V) of bijections of the orbit space
M/V that come from a smooth diffeomorphism of M mapping every V-leaf to a V-leaf. In particular,
Γ(pi0(V)) has a natural group structure.
1.2 A long exact sequence for NQ-manifold fibrations
1.2.1 NQ-manifold fibrations and Ehresmann connections
Throughout this section:
1. (E• =
⊕
i≥1E−i, Q) is a Lie ∞-algebroid with dual NQ-manifold V = (V•,M,Q) with Vi = E∗−i
for all i ∈ N.
2. B → L is a Lie algebroid, seen as an NQ-manifold when equipped with functions Γ(∧•B∗) and
Chevalley-Eilenberg differential (see [Mac05], Chapter 7).
3. P : V→ B is an NQ-manifold morphism. For degree reasons, all its Taylor coefficients are zero
except for the first one, so that P is entirely described by a vector bundle morphism. We denote
this morphism by P :
E−1
P //

B

M
p // L
(5)
such that ∧•P ∗ : Γ(∧•B∗)→ Γ(∧•E∗−1) ⊂ Γ(S(V )) is a differential graded commutative algebra
morphism.
Definition 1.13. When P : E−1 → B is a surjective submersion, i.e. the base map p : M → L is a
surjective submersion and Pm : E−1|m → B|p(m) is a surjective linear map for every m ∈ M , we say
that P is an NQ-manifold fibration over a Lie algebroid.
Example 1.14. When both V and B are manifolds, we recover usual manifold fibrations. When both
V and B are Lie algebras, we recover Lie algebra epimorphisms.
Let us define the fibers of an NQ-manifold fibration. Consider the vector bundles over M defined by
K−i = E−i for all i ≥ 2 and K−1 := Ker(P ). The Lie ∞-algebroid brackets of E restrict to sections
of K• →M , and therefore equip the latter with a Lie ∞-algebroid structure. We denote by T its dual
NQ-manifold. Since the anchor T is by construction valued in the fibers of p : M → L, it restricts to
an NQ-manifold T` on the fiber p−1(`) over any ` ∈ L. We call the NQ-manifold T` the fiber over
` ∈ L.
Example 1.15. When both V and B are manifolds, we recover usual fibers of a manifold fibration.
When both V and B are Lie algebras, the fiber is simply the kernel of the Lie algebra epimorphism P .
Example 1.16. Lie algebroid actions on N -manifolds, as defined in [BZ17], provide a wide class of
examples of Lie algebroid fibration.
Definition 1.17. An Ehresmann connection for a NQ-manifold fibration over a Lie algebroid P : V→
B is a sub-bundle H ↪→ E−1 in direct sum with K−1 = Ker(P ) ⊂ E−1.
4An NQ-manifold V on M induces a singular foliation on M and hence a decomposition into V-leaves. We denote
the leaf space by M/V.
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An Ehresmann connection induces a horizontal lift H˜ : Γ(B)→ Γ(E−1): A section b ∈ Γ(B) is lifted to
the unique section of H which is P -related to b. For every section b ∈ Γ(A) the vector field ρV ◦ H˜ (b)
is p-related to the vector field ρA(b).
Definition 1.18. An Ehresmann connection for an NQ-manifold fibration over a Lie algebroid P : V→
B as above is said to be complete if for all b ∈ Γ(B) the integral curve of the vector field ρV ◦ H˜(b)
starting at m is defined if and only if the integral curve of the vector field ρB(b) starting at p(m) is
defined.
Remark 1.19. Of course, every NQ-manifold fibration over a Lie algebroid admits Ehresmann con-
nections, but there may not exist complete Ehresmann connections. For instance when B is transitive
and the fibers (T`)`∈L over two points `, `′ ∈ L are not diffeomorphic, Proposition 1.23 below obstructs
the existence of complete Ehresmann connections.
Example 1.20. When V is a manifold M , we recover usual (complete) Ehresmann connections for
manifold fibrations. When both V and B are Lie algebras, a connection is a linear section of the
epimorphism P and every connection is Ehresmann.
Remark 1.21. When V is a Lie algebroid, our objects match those introduced in [Fre19] and [BZ11],
but with several differences in vocabulary. NQ-manifold fibrations do not coincide with Lie algebroid fi-
brations in [BZ11] since they assume that the Lie algebroid fibration comes with a complete Ehresmann
connection. So that the correspondence is “Lie algebroid fibration in [BZ11]”= “NQ-manifold fibra-
tions in our sense with V a Lie algebroid” + “a complete Ehresmann connection”. Also, “Ehresmann
connections” in [BZ11] are always complete, and therefore correspond to our “complete Ehresmann
connections”. When V is a Lie algebroids and B is transitive, our NQ-manifold fibrations are the Lie
algebroid submersions of [Fre19]: complete Ehresmann connections now have the same meaning.
Sections of Γ(B) (resp. E−1) can be considered as degree −1 vector fields on the NQ-manifold B (resp.
V): it suffices to let b ∈ Γ(B) (resp. e ∈ Γ(E−1)) act by contraction ib (resp. ie) on their respective
graded algebras of functions. The degree zero vector fields [iH˜(b), Q] and [ib,dB ] are P -related for every
Ehresmann connection H. If H is complete, their flows are also related:
Proposition 1.22. Consider an Ehresmann connection H for an NQ-manifold fibration over a Lie
algebroid P : V→ B. The following are equivalent:
1. The Ehresmann connection H is complete.
2. For all b ∈ Γ(B), the time t flow of the degree 0 vector field [iH˜(b), Q] is defined if and only if the
time t flow of the degree 0 vector field [ib,dB ] is defined.
Proof. By the first item in Lemma 1.6, the flow of a degree 0 vector field exists if and only if the
flow of its induced vector field on its base manifold exists. In our case, the induced vector fields of
[iH˜(b), Q] and [ib,dB ] are ρV ◦ H˜(b) and ρB(b) respectively. Hence the equivalence of both items is a
direct consequence of Definition 1.18.
In differential geometry, complete Ehresmann connections allow to identify fibers with each other: the
same occurs in the present context for transitive Lie algebroids.
Proposition 1.23. If a complete Ehresmann connection H for an NQ-manifold fibration over a tran-
sitive Lie algebroid P : V→ B exists, then the fibers T` and T`′ over any two `, `′ ∈ L are diffeomorphic
NQ-manifolds.
Proof. There exists a vector field X on L whose time 1 flow exists globally and maps ` and `′. Since
B is transitive, there exists a section b ∈ Γ(B) with ρB(b) = X. Since the induced vector field of
[iH˜(b), Q] is p-related to X, and since the time-1 flow of ρB(b) = X is well-defined, Proposition 1.22
implies that the time-1 flow Φ1 of [iH˜(b), Q] is a well-defined NQ-manifold diffeomorphism. Since the
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induced diffeomorphism φ1 : M → M of Φ1 is over the time 1- flow of X, it maps the fiber p−1(`) to
the fiber p−1(`′). Therefore, the restriction of Φ1 to T` is the desired NQ-manifold diffeomorphism
onto T`′ .
Remark 1.24. Proposition 1.23 obviously extends to the non-transitive case as follows: T` and T`′
over any two `, `′ ∈ L in the same B-leaf are diffeomorphic NQ-manifolds. When V is a Lie algebroid,
this follows from Theorem C in [Fre19].
1.2.2 Horizontal lifts for complete Ehresmann connections
The equivalent of the following lemma for fibrations of ordinary manifolds is well-known under the
name of “homotopy lifting property”, see [Spa95], Chapter 7, or [Hat02] Section 4.2. Its Lie algebroid
equivalent is implicit in the proof of Theorem 1.4 in [BZ11].
Fundamental Lemma 1.1. Let P : V → B be an NQ-manifold fibration over a Lie algebroid as in
Definition 1.13 that admits a complete Ehresmann connection H. Given
a) a manifold Σ called parameter space;
b) an NQ-morphism e : Σ 7→ V called initial shape;
c) a Lie algebroid morphism b : T (I × Σ)→ B called base map
making the following diagram of NQ-manifold morphisms commutative
Σ
e //
_
u→(0,u)

V
P

I × Σ
b
// B
, (6)
there exists a natural NQ-manifold morphism LH(e, b) : I × Σ − − → E called horizontal lift of the
base map b with initial shape e such that the following diagram commutes:
Σ
e //
_
u→(0,u)

V
P

I × Σ
b
//
LH(e,b)
77
B
, (7)
Proof. Consider the following Cartesian diagram of vector bundle morphisms
(TI × TΣ)×b,B,P E−1 //
))

TI × TΣ

yy
(I × Σ)×LM //

I × Σ

M // L
E−1
55
// B
ee
(8)
Given a horizontal distribution D on P : E−1 → B, the section ∂∂t of TI ×TΣ lifts to a unique section
X of (TI × TΣ) ×b,B,P E−1, such that for all (t, σ,m) ∈ (I × Σ) ×L M , X(t, σ,m) = ( ∂∂t , 0, u), with
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u ∈ D. By construction P (u) = bt,σ( ∂∂t , 0).
We now prove the first item. We define LH(e, b) as the composition of three NQ-morphisms:
TI × TΣ −→ TI × (TI × TΣ)×b,B,P V −→ (TI × TΣ)×b,B,P V→ V (9)
which we now describe.
1. (TI × TΣ) ×b,B,P V stands for fibered products of NQ-manifolds, which make sense because P
is a surjective submersion. Its base manifold is (I ×Σ)×LM and its dual vector bundle is given
in degree −1 by (TI × TΣ)×b,B,P E−1. In particular, the section X defined above can be seen
as a degree minus one vector field on (TI × TΣ)×b,B,P V.
2. The first arrow is the composition of TI × TΣ→ TI × TI × TΣ, (t, σ) 7→ (t, 0, σ) with idTI ×A,
where A : TI × TΣ→ (TI × TΣ)×B V is the natural map associated to the pullback.
3. The central arrow is the flow NQ-morphism of the degree minus one vector field X, as constructed
in Lemma 1.6.
4. The last arrow is the projection to V.
Let us check that LH(e, b) satisfies the required conditions. Let us consider its restriction to {0}×TΣ .
The central arrow in (9), restricted to {0}×TI×TΣ×V, is the projection onto the second component,
so that the restriction of the two last arrows to {0} × TI × TΣ× V consists in projecting onto V. In
view of the first arrow, the restriction to {0} × TΣ coincides with e.
Let us prove that P ◦LH(e, b) = b. The following diagram is commutative, where the upper horizontal
line is (10), the lower line is constructed as (10), with B replacing V and b1 replacing e, and with all
vertical lines being induced by P : V→ B:
TI × TΣ // TI × (TI × TΣ)×b,B,P V

// (TI × TΣ)×b,B,P V

// V
P

TI × TΣ // TI × (TI × TΣ)×b,B,id B // (TI × TΣ)×b,B,id B // B
(10)
This commutativity is straightforward, except for the central square, for which is expresses the fact
that X(t,σ,m), with p(m) = σ, projects to (
∂
∂t , bt,σ(
∂
∂t )). The composition of the four lower arrows
coincides with b.
Definition 1.25. Let P : V → B be an NQ-manifold fibration over a Lie algebroid as in Definition
1.13 that admits a complete Ehresmann connection H. Let (Σ, e, b) be a parameter space, an initial
shape, a base map as in Lemma 1.1. We call parallel transport of e with respect to b the restriction
to {1} × Σ of the horizontal lift LH(e, b). We denote it by PH(e, b) : Σ→ V.
The parallel transport behaves well with respect to restrictions to submanifolds:
Proposition 1.26. Let P : V→ B be an NQ-manifold fibration over a Lie algebroid as in Definition
1.13 that admits a complete Ehresmann connection H. Let Σ, e, b be a parameter space, an initial
shape, and a base map as in Lemma 1.1. For every submanifold i : Σ′ ↪→ Σ, the following diagram
commutes:
Σ′ 
 //
PH(e|Σ′ ,b|I×Σ′ ) &&
Σ
PH(e,b)
xxV
(11)
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Proof. A close look at its construction shows that the horizontal lift behaves well with respect to
restriction to a submanifold i : Σ′ ↪→ Σ, i.e. it satisfies LH(e, b)|I×Σ′ = LH(e|Σ′ , b|I×Σ′) or, as a
diagramm:
Σ
e

  u↪→(0,u) // I × Σ
b

LH(e,b)
ttV P // // B
Σ′
e|′Σ
OO
 
u↪→(0,u)
//5 U
i
66
I × Σ′
b|I×Σ′
OO
LH(e|Σ′ ,b|I×Σ′ )
ii
) 	
id×i
hh . (12)
This implies the commutativity of the diagram (11)
We will furthermore need the following
Lemma 1.27. Let P : V→ B be an NQ-manifold fibration over a Lie algebroid as in Definition 1.13
and ` ∈ L a point. Consider two NQ-morphisms Φi : Σ → T`, i = 0, 1. Then the following items are
equivalent:
(i) Φ0 and Φ1 are homotopic in T`,
(ii) Φ0 and Φ1 are homotopic in V through a homotopy h : I × Σ → V such that P ◦ h : I × Σ → B
is homotopic to the constant map `.
Proof. The implication (ii) =⇒ (i) is trivial. For the converse implication, let hB : I × I ×Σ→ B be
a contracting homotopy for P ◦ h. Consider its horizontal lift LH(h, hB) : I × I × Σ → V with initial
shape h : I × Σ→ T` with respect to the base path hB : I × I × Σ→ B.
Figure 1: The neighborhood U and the curve γ(t).
 Φ1
Φ0
Curve γ(t) 
Open set U
hB
Since hB : : I × I → B is constantly ` on U × Σ, with U ⊂ I2 a neighborhood of the three edges of
the square depicted in Figure 1, the restriction to U × Σ of the horizontal lift LH(h, hB) is valued in
T`. Let γ : I → I2 a curve valued in U relating (0, 1) and (1, 1) as in Figure 1. The restriction to
{γ(I)} × Σ of the horizontal lift LH(h, hB) : I × I × Σ is a T`-valued homotopy between Φ0 and Φ1.
1.2.3 Main result
We can now associate a long exact sequence to any NQ-manifold fibration over a Lie algebroid, gen-
eralizing Theorem 1.4 in [BZ11].
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Theorem 1.28. Consider a fibration of NQ-manifold over a Lie algebroid P : V→ B as in Definition
1.13 that admits a complete Ehresmann connection. For ` ∈ L, denote by T` the fiber over `.
Then there exists a family of group morphisms:
δ : pin(B, `) −→ Γ(pin−1(T`)) for n ≥ 2
pi1(B, `) −→ Diff(M/V)
such that the sequence of groups morphisms
. . .
P // pin+1(B, `)
δ
ss
pin(T`,m) // pin(V,m)
P // pin(B, `)
δ
ss
pin−1(T`,m) // . . . . . .
is exact for all m ∈ p−1(`). Moreover, δ(pi2(B, `)) lies in the center of Π1(T`), and, for a given
γ ∈ pi1(B, `), the diffeomorphism δ(γ) of the orbit space of T` fixes the T`-leaf of m if and only if γ
lies in the image of P∗ : pi1(V,m)→ pi1(B, `).
Proof. The fundamental Lemma 1.1 allows to make the proof of the present theorem similar to the
usual proof for manifold fibrations as presented for instance in Theorem 4.41 in [Hat02] - with smooth
maps being replaced by NQ-morphisms. Although it follows the same structure as the proof of Theo-
rem 1.4 in [BZ11], our point of view is more (NQ-) geometric.
Construction of the connecting map δ. Consider an NQ-morphism Sn → B, which is constantly
` near the north pole N ∈ Sn. This last property allows to see it as an NQ-morphism σ : I×Sn−1 → B
which is constantly ` near {0} × Sn−1, {1} × Sn−1 and I × {N}. For all m ∈ p−1(`), we define
δ|m(σ) := PH(σ,m)
to be the parallel transport of the initial shape m : Sn−1 → V with respect to the base map σ.
Let us study this map.
1. It is valued in the fiber T`. The horizontal lift of e with respect to the base path σ makes by
definition the following diagram commutative:
Sn−1
m //
_
u→(0,u)

V
P

I × Sn−1
σ
//
LH(σ,m)
66
B.
(13)
Since σ is constantly ` on {1}×Sn, the commutativity of (13) implies that δ|m(σ) = PH(σ,m) =
LH(σ,m)|{1}×Sn−1 is valued in the fiber T`.
2. It is constant equal to m near the north pole. For every paramater manifold, parallel
transport of a constant initial shape m with respect to a base map which is a constant map ` is
the constant map m again. Since the north pole admits a neighborhood U on which σ : I ×U is
`, it follows from Proposition 1.26, applied to the open submanifold Σ′ = U , that PH(σ,m) is
equal to m in a neighborhood of the north pole.
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3. It preserves homotopy. Let h : I × Sn−1 × I → B be a homotopy between NQ-morphisms
σi : S
n−1 × I → B, i = 0, 1. Let P(m,h) be the parallel transport of the initial shape m with
respect to the base map h. By Proposition 1.26, the restrictions of P(m,h) to the submanifolds
{i} × Sn−1 × I ⊂ I × Sn−1 × I is δ|m(σi), for i = 0, 1.
Altogether these three points allow to define an induced group morphism:
δ|m(σ) : pin(L, `) −→ pin−1(T`,m).
We have to check that m → δ|m(σ) is valued in smooth sections of the group bundle pin−1(T`).
Consider (i) the parameter space Σ = Sn−1 × p−1(`), (ii) the initial shape given by the projection
onto pr2 : S
n−1 × p−1(`) → p−1(`) ⊂ V, and (iii) the base map σ ◦ pr with pr being the projection
I × Sn−1 × p−1(`)→ I × Sn−1. The henceforth associated parallel transport is an NQ-morphism:
Sn−1 × p−1(`) −→ T`.
Proposition 1.26 implies that its restriction to the parameter submanifolds Sn−1×{m} is δ|m(σ). This
guaranties the smoothness of the section.
The relation δ◦p∗ = 0. Consider an element of pin(B, `) that can be represented by an NQ-morphism
σ of the form σ = P∗(τ) for some τ : Sn → V constantly equal to m near N . Let us compare τ with
the horizontal lift LH(σ,m) of the initial condition σ with respect to the base σ.
We can see τ as NQ-morphism τ : I×Sn−1 → V constantly equal to m in neighborhoods of {0}×Sn−1
and {1} × Sn−1. This allows to consider the concatenation τ−1 ∗LH(σ,m), where τ (−1) is the inverse
path of τ , i.e. τ ◦ (1 − t × idSn−1). Its projection through P being the concatenation of σ−1 with σ
is homotopic to `. By Lemma 1.27, the restrictions to the end points are homotopic in T`. These
restrictions being m for τ and δ(σ)|m(σ), this means that the latter is zero.
Exactness at pin(B, b0). Let σ : S
n → B. Consider LH(σ,m) : I×Sn−1 → V in diagram (13). Recall
that δ(σ) is represented by the restriction of LH(σ,m) to {1} × Sn−1. If δ(σ) = 0, then there exists a
homotopy h : [1, 2]×Sn−1 → T` whose restrictions to t×Sn−1 is δ(f) for t near 1 and whose restriction
to {2} × Sn−1 is m near 2. The concatenation of H(σ,m) and h is smooth in view of the boundary
assumptions and yields an NQ-morphism τ : [0, 2]→ V, defining an element in pin(V,m), whose image
through P is σ by construction.
Exactness at pin(V, e0). Let τ : Sn → V be such that P∗(τ) = 0, so that there exists an NQ-morphism
h : I × Sn → B whose restrictions to {0} × Sn is ` and to {1} × Sn is ` is P∗(τ). In view of the first
item of Lemma 1.1, there exists LH(h, τ) that makes the following diagram commutative:
{0} × Sn τ //

V
p

I × Sn
h
//
LH(h,τ)
66
B.
In particular, the restriction of LH(h, τ) to {0} × Sn, which is τ , is homotopic to its restriction to
{1} × Sn. The latter being mapped by P to ` it takes values in T`, so that [τ ] lies in the image of i∗.
Exactness at pin−1(T`,m). Let τ : Sn−1 → Tl be such that i∗(τ) = 0. Lemma 1.27, so that there
exists an NQ-morphism h : I × Sn−1 → V whose restriction to {t} × Sn−1 is m for all t near 0, and
whose restriction to {t}×Sn−1 is τ for all t near 1. In particular, this implies that P∗◦h : I×Sn−1 → B
is constantly equal to ` on neighbourhoods of {0} × Sn−1 and {1} × Sn−1, defining therefore some
NQ-manifold morphism σ : Sn → B. The NQ-morphisms δ|m(σ) and τ are homotopic in V through of
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homotopy as in the second item of Lemma 1.27, so that they are homotopic in T`.
The relation δ(pi2(B, `)) ⊂ Center(Π1(T`)). Consider [σ] ∈ pi1(B, `), and τ : I → T` a path from m
to m′. We have to show that δ|m′(σ) ◦ τ is homotopic to τ ◦ δ|m(σ) in T`. By Lemma 1.27, it suffices
to find a homotopy in V, whose image is homotopic to a constant map in B. Such a homotopy is given
by the concatenation of homotopies
δ|m(σ) ∗ τ
LH(σ,m)−1∗idτ // m ∗ τ ∼ // τ ∗m′ idτ∗L
H(σ,m′) // τ ∗ δ|m′(σ),
where ∗ denotes the concatenation of paths and homotopies. Recall that the concatenation b ∗ a is a
representative of the product [a] ◦ [b] in Π1.
1.3 Examples of homotopy groups of NQ-manifolds
In this subsection we survey some examples and special cases of the above, mostly already present in
the literature.
Lie ∞-algebroids
⊃xx
⊃
&&
Lie algebroids,
Ex. 1.31
⊃
%%
⊃
xx
Lie ∞-algebras,
Ex 1.34
⊃
yy
⊃
''
Tangent Lie algebroids,
Ex. 1.29
Lie algebras,
Ex. 1.30
Nilpotent Lie ∞-algebras,
Ex. 1.33
Example 1.29. Let M be a manifold and TM its tangent Lie algebroid. Then the fundamental
groupoid, fundamental groups, resp. n-th homotopy groups of TM as an Lie ∞-algebroid are just the
fundamental groupoid, fundamental group resp. n-th homotopy groups of the manifold M .
Example 1.30. The fundamental groupoid and the fundamental group of a Lie algebra g (seen as an
NQ-manifold over a point pt) is the simply-connected Lie group G that integrating g, see [Sˇev17,CF03].
For all n ≥ 2, the n-th homotopy groups of the Lie algebra g, seen as an NQ-manifold, coincide with
the n-th homotopy groups of the Lie group G (see [BZ11], Example 3.5). In equation:
Π(g) = pi1(g, pt) = G and for all n ≥ 2: pin(g, pt) = pin(G, 1G)
Example 1.31. For a Lie algebroid A our definitions of fundamental groupoid, fundamental groups
and n-th homotopy groups reduce to the definition given in [Sˇev17, CF03, BZ11]. The fundamental
groupoid is the source s-connected topological groupoid G that integrates the Lie algebroid [Sˇev17]:
it is a smooth manifold in a neighborhood of M . This idea has been widely used in the literature (cf.
e.g. [CF03,CF01]).
If the Lie algebroid is integrable, that is when G is a Lie groupoid, it is proven in [BZ11] that the
fundamental group at a given point m is the isotropy Im(G) = G|mm of this groupoid at m, and the
homotopy groups are the homotopy groups of G|m = s−1(m) of the fibers of the source map. In
equation:
Π(A) = G, pi1(A,m) = Im(G) and for all n ≥ 2: pin(A,m) = pin(G|m,m)
Let us state an immediate consequence of this example:
Proposition 1.32. Let A be a Lie algebroid which is longitudinally integrable ( i.e. the restriction of
the fundamental groupoid G of A to every leaf is a smooth manifold). Then for all n ≥ 2 and m ∈M ,
we have pin(A,m) ' pin(G|m,m) and pi1(A,m) = Im(G).
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Proof. It suffices to apply the second part of Example 1.31 to the restriction of A to the leaf L
through m.
Example 1.33. Let us review some results by Berglund . [Ber15] For a nilpotent Lie ∞-algebra g•,
i.e. a Lie ∞-algebra concentrated in degrees less or equal to −2:
d→ g−3 d→ g−2 → 0
the fundamental groupoid and fundamental groups are reduced to 0 and, for all n ≥ 2, the n-th
homotopy groups are isomorphic to the cohomologies H−n(g•) of the above complex in degree −n. In
equation:
Π(g•) = pi1(g•, pt) = {0} and for all n ≥ 2: pin(g•,m) = H−n(g•).
Explicitly, an NQ-manifold morphism σ : Sn → g• for n ≥ 2 decomposes as
∑−2
i=−n αi with αn ∈
Ωn(Sn) ⊗ g−n, . . . , α2 ∈ Ω2(Sn) ⊗ g−2. Then
∫
Sn
αn ∈ g−n is a d-closed element and its class of
cohomology in H−n(g•) entirely determines the class up to homotopy of σ.
Example 1.34. Consider an NQ-manifold g• over a point pt, i.e. a negatively graded Lie ∞-algebra:
· · · d→ g−2 d→ g−1.
Let us give a long exact sequence describing pin(g•, pt). According to the homotopy transfer theorem
(see, e.g. [LV12]), this Lie∞-algebra is homotopy equivalent to a “minimal model”, i.e. a Lie∞-algebra
with trivial differential constructed on the cohomology of the previous complex:
· · · 0→ H−2(g•) 0→ H−1(g•).
The 2-ary bracket of this Lie ∞-algebra does not depend on the choices of a minimal model and
satisfies the graded Jacobi identity, so that H−1(g•) is a Lie algebra.
The projection onto the minus one component is a surjective submersion of a Lie∞-algebra over a Lie
algebra:
⊕i≥1 H−i(g•)→ H−1(g•). (14)
The fiber is the nilpotent Lie∞-algebra ⊕i≥2H−i(g•). There is a unique Ehresmann connection (which
is of course complete in view of Proposition 2.21) given by H = H−1(g•) itself. We are therefore in the
setting of Theorem 1.28 with all base manifolds being points, so that there is a long exact sequence of
groups
· · · → H−n(g•)→ pin(g•, pt)→ pin(G, 1G) δ→ H−n+1(g•)→ · · ·
· · · → pi2(g•, pt)→ 0→ 0→ pi1(g•, pt)→ G→ 0,
where G is the simply-connected Lie group integrating the Lie algebraH−1(g•). Here, we used Example
1.33, Example 1.30 and the fact that pi2(G) = 0 for any Lie group. In particular, pi1(g•, pt) ' G.
2 Higher holonomies of singular leaves
According to [LgLS17], a universal NQ-manifold can be associated to most singular foliations, in
particular to those generated by real analytic local generators - which form a large class.
We recall these constructions in Subsection 2.1.1, then define the homotopy groups of a singular
foliation as the homotopy groups its universal NQ-manifold in Subsection 2.1.2. In Subsection 2.1.3,
we discuss how these homotopy groups can be computed with the help of several long exact sequences
derived from Theorem 1.28.
We then consider a locally closed leaf L of F . Upon replacing M by a neighborhood of L, we can
assume that there exists a surjective submersion p : M → L such that the composition of the anchor
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NQ-morphism UF → TM with the surjection Tp : TM → TL is a surjective submersion of NQ-
manifolds. We first define and study Ehresmann connections for singular leaves in Section 2.2. In
Section 2.3, we show that Theorem 1.28, when applied in such a neighborhood of a singular leaf,
gives a long exact sequence: we call higher holonomies of F at L its connecting homomorphisms. We
explain how this is related to the Androulidakis-Skandalis’ holonomy groupoid, and how a Lie groupoid
defining the singular foliation may help to construct it.
We will finish this section by focusing on several particular aspects of the higher holonomies, that
reduce to well-known constructions, e.g. the period map of Cranic-Fernandes [CF03].
2.1 The universal NQ-manifold and homotopy groups of a singular foliation
2.1.1 The universal NQ-manifold of a singular foliation
We recall and adapt the main results of [LgLS17]. Throughout this subsection, F is a singular foliation
on a manifold M .
Definition 2.1. (Definition 2.1 in [LgLS17]) A geometric resolution of F is a finite family of vector
bundles (E−i)i≥1 together with vector bundle morphisms E−i → E−i+1 and ρ : E−1 → TM such that
the following sequence is a resolution of F in the category of C∞M -modules:
· · · → Γ(E−3)→ Γ(E−2)→ Γ(E−1)→ F .
Remark 2.2. By the Serre-Swann theorem, a geometric resolution is a projective resolution of F by
finitely generated C∞M -modules.
Theorem 2.3. (Theorem 2.4 in [LgLS17]) Every locally real analytic singular foliation on a manifold
M of dimension n admits a geometric resolution of length n + 1 on every relatively compact open
subset.
Among the NQ-manifolds over M whose anchor map ρ : Γ(E−1) → X(M) takes values in F , there is
a distinguished class, which we now define.
Definition 2.4. A universal NQ-manifold of a singular foliation F is an NQ-manifold V such that
the underlying sequence E−i → E−i+1 together with the anchor map E−1 → TM form a geometric
resolution of F .
The use of the word “universal” is justified by the following Theorem:
Theorem 2.5. (Theorem 1.7 in [LgLS17]) "Universality". Universal NQ-manifolds of F are a
terminal object in the category where objects are NQ-manifolds over M inducing sub-foliations of F ,
and morphisms are homotopy classes of NQ-manifold morphisms over M .
Since in a category two universal objects are canonically isomorphic:
Corollary 2.6. (Corollary 1.8 in [LgLS17]) "Uniqueness". Two universal NQ-manifolds of a the
singular foliation F are homotopy equivalent in a unique up to homotopy manner.
We will denote an universal NQ-manifold by UF , and their linear parts by (E•,d, ρ). Singular foliations
that admit a universal NQ-manifold admit a geometric resolution. In fact, the converse also holds:
Theorem 2.7. (Theorem 1.6 in [LgLS17]) "Existence". If F admits a geometric resolution, then it
admits a universal NQ-manifold whose linear part is that geometric resolution.
We finish this section by two lemmas about restrictions of the universal NQ-manifold of a singular
foliation to a transverse sub-manifold and to a leaf.
For any locally closed submanifold S ⊂M , we let F|S ⊂ X(S) be the space obtained by restricting to
S vector fields in F which are tangent to S. For a generic submanifold S, the space F|S might not be
finitely generated and hence might not be a singular foliation.
We say that a submanifold S ⊂M is F-transversal if TmS + TmF = TmM for all m ∈ S.
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Lemma 2.8. The restriction F|S to an F-transversal S is a singular foliation on S. Moreover, the
restriction of any universal NQ-manifold of F to S is a universal NQ-manifold of F|S.
Proof. The first statement is proven in [AS09], Proposition 1.10, Item (b). The second statement fol-
lows from the trivial observation that for any geometric resolution (E,d, ρ) of F and any F-transversal
S as above, the complex:
· · · → E−3|S d−→ E−2|S d−→ ρ−1(TS) ρ−→ TS
is both a geometric resolution of F|S and a sub-Lie ∞-algebroid.
Let L be a leaf of F . We recall from [AZ13] the following construction: there is a unique transitive
Lie algebroid over L, called holonomy Lie algebroid of L, denoted by AL, whose sheaf of sections is
F/ILF , with IL the sheaf of smooth functions on M vanishing along L.
Example 2.9. For a regular5 leaf L, the holonomy Lie algebroid is the tangent Lie algebroid. In
equation: AL = TL.
Consider the restriction iLUF of any universal NQ-manifold UF . This is an NQ-manifold over L, which
is transitive over L.
Lemma 2.10. The restriction iLUF of any universal NQ-manifold UF to a leaf L of a singular
foliation is an NQ-manifold such that:
1. the differential d : iLE−i−1 → iLE−i has constant rank along L,
2. the quotient space AL := iLE−1/diLE−2:
(a) comes equipped with a transitive Lie algebroid structure,
(b) which does not depend on the choice of a universal NQ-manifold UF ,
(c) and coincides with Androulidakis-Zambon’s holonomy Lie algebroid AL of the leaf L.
Proof. Let τ : TL→ E−1 be a section of ρ : E−1 → TL. Then the bilinear map
∇(i)u e := [τ(u), e] for all u ∈ X(L) and e ∈ Γ(E−i)
defines a connection on E−i for all i ≥ 1. An easy computation gives:
∇(i+1)u (de) = [τ(u),de] = d[τ(u), e] = d∇(i)u e.
Since the covariant derivative of d is 0, its rank has to be constant. This proves the first item. For the
second item, see Proposition 4.18 in [LgLS17].
2.1.2 Definition of the homotopy groups of a singular foliation
Throughout this section, F is a singular foliation that admits a geometric resolution: by Theorem 2.7,
it also admits a universal NQ-manifold UF .
Since homotopy equivalent NQ-manifolds have isomorphic homotopy groups and fundamental groupoid
by Corollary 1.9, and since any two universal NQ-manifold are homotopy equivalent by Corollary 2.6,
the groups pin(UF ,m), Γ(pin(UF )) and the fundamental groupoid Π(UF ) do not depend on the choice
of a universal NQ-manifold. In particular, this justifies this following definition and the following
notations:
Definition 2.11. For every singular foliation F that permits a geometric resolution, we define
5A regular point is a point around which all leaves have the same dimension (and are called regular leaves). Recall
that if a geometric resolution of finite length exists, then the all regular leaves have the same dimension.
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1. the n-th homotopy group pin(F ,m) at m,
2. its space of smooth sections Γ(pin(F)),
3. and the fundamental groupoid F of F ,
to be those of any one of its universal NQ-manifolds.
In [AS09], Androulidakis and Skandalis constructed the holonomy Lie groupoid of a singular foliation:
It is a topological groupoid whose leaves are the leaves of F , and whose restriction to a given leaf L is
a smooth manifold in a neighborhood of the identity. According to Proposition 4.37 in [LgLS17], the
fundamental groupoid F of F is the universal cover of the holonomy groupoid of Androulidakis and
Skandalis6. In view of this identification, and since the holonomy Lie groupoid is a well-established
mathematical object, we prefer to adapt the terminology as follows:
Convention 2.12. From now on, we will call F the universal holonomy groupoid of F rather than
“the fundamental groupoid of F”.
Remark 2.13. The universal holonomy groupoid F can be characterized as follows: it induces the
same foliation as F and its restriction to a leaf L is the fundamental groupoid of the holonomy Lie
algebroid AL.
Lemma 1.10 implies that pin(F ,m) only depends on the restriction of the universal NQ-manifold UF
to the leaf L to which m belongs:
Lemma 2.14. For every universal NQ-manifold UF of a singular foliation F , and every point m ∈M ,
we have:
pin(F ,m) = pin(iLUF ,m)
where L is the leaf through m.
This lemma makes the following examples quite trivial:
Example 2.15. When F is a regular foliation, we have F = Γ(A) with A ⊂ TM an integrable
distribution. In this case, A is itself a universal NQ-manifold of F . The universal holonomy groupoid
is then the universal cover of the holonomy groupoid of F as defined in [MM03]. Also, at a point
m ∈M , the homotopy groups of F are the homotopy groups of the leaf through m.
Example 2.16. By the previous example, we see that pin(F ,m) = pin(L,m) for every regular point
m ∈M , with L being the leaf through m.
Example 2.17. We say that a singular foliation is Debord or projective when it is projective as a
module over functions. By Serre-Swann theorem, it means that F comes from a Lie algebroid A
whose anchor is injective on a dense open subset. By construction, the Lie algebroid A is a universal
NQ-manifold of F . Moreover, Theorem 1 in [Deb01] says that A integrates into a smooth (source
simply-connected) Lie groupoid, which has to coincide with F. In view of Example 1.31, we have7
pin(F ,m) = pin(F|m,m) for all n ≥ 2 and pi1(F ,m) = Im(F).
2.1.3 Computation of the homotopy groups of a singular foliation
The purpose of this subsection is to describe several exact sequences that lead to the computation of
the homotopy groups pin(F ,m), when the following two ingredients are given:
1. the isotropy Lie ∞-algebra of F at m ∈M ,
6By universal cover, we mean that for each leaf m ∈ M , F|m = s−1(m) is the universal cover of the fiber over m of
Androulidakis and Skandalis’holonomy groupoid
7As usual for Lie groupoids, F|m = s−1(m) ⊂ F is the source fiber of m, and I˜m(F) is the universal cover of the
holonomy of Im(F) of F at m.
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2. the universal holonomy groupoid F of F , see Convention 2.12 - more precisely its restriction to
the leaf L through m.
Let us briefly recall how the first of these objects is constructed. The isotropy Lie ∞-algebra of F at
m is introduced in [LgLS17], Section 4.2, by the following spaces and brackets:
1. The cohomology groups H•(F ,m) := ⊕n≥1H−n(F ,m) of any geometric resolution (E•,d, ρ) of
F , evaluated at m ∈M :
H−n(F ,m) = H−n(imE•, imd) =
ker(imd : imE−n → imE−(n−1))
im(imd : imE−(n+1) → imE−n) (15)
coincides by construction with Tor•(F ,R), with R being made a C∞M -module through evaluation
at m (see Remark 4.9 in [LgLS17]). In particular, the graded vector space H•(F ,m) does not
depend on the chosen resolution and depends on the singular foliation F only, which explains
the notation.
2. The Lie ∞-algebroid brackets of any universal Lie ∞-algebroid of F restrict to the point m to
yield a Lie ∞-algebra, called isotropy Lie ∞-algebra. Its minimal model is by construction a Lie
∞-algebra structure on H•(F ,m) whose un-ary bracket is zero. In particular, its 2-ary bracket
satisfies the graded Jacobi identity. Any two minimal models are strictly isomorphic through an
isomorphism whose linear map is the identity map of H•(F ,m): in particular, the 2-ary graded
Lie bracket is canonically attached to F .
We now give a long exact sequence that computes the homotopy groups of a singular foliation.
Proposition 2.18. Let F be a singular foliation that admits a geometric resolution near a point
m ∈ M and F be the universal holonomy Lie groupoid. Then there is a natural exact sequence of
groups as follows:
· · · → H−n(F ,m) −→ pin(F ,m) q−→ pin(F|m,m) −→ H−n+1(F ,m) −→ · · · (16)
· · · −→ pi2(F ,m) q−→ pi2(F|m,m) −→ 0 −→ pi1(F ,m) −→ F|mm −→ 0,
where F|m = s−1(m) is the s-fiber over m of the source map, F|mm is the isotropy at m of the universal
holonomy Lie groupoid, and L is the leaf through m.
Proof. Consider the restriction iLUF of the universal NQ-manifold UF to the leaf L. The exact
sequence (16) is a particular case of the exact sequence obtained in Theorem 1.28 to the surjective
submersion of NQ-manifold:
Q : iLUF −→ AL = iLE−1diLE−2
over the holonomy Lie algebroid of L. Its fiber over ` is the nilpotent part of isotropy Lie ∞-alegbra
of F : for n ≥ 2 its pin coincide with H−n(F ,m) in view of Example 1.33, while its pi1 is trivial. Since
the holonomy Lie algebroid is the Lie algebroid of the universal holonomy groupoid (see Remark 2.13),
Example 1.31 gives an expression of its homotopy groups.
By Proposition 2.2. in [Deb13], the holonomy groupoid of a singular foliation is longitudinally smooth.
Since F is its universal cover by Proposition 4.37 in [LgLS17], F|m is a smooth manifold for all m ∈M .
Proposition 1.32 gives therefore for all n ≥ 2 and m ∈ L an isomorphism pin(F|m,m) ' pin(AL,m)
and pi1(F|m,m) ' Im(F) = F|mm. Altogether, these results prove the statement.
Remark 2.19. Let L be a leaf of a singular foliation F , and AL be the holonomy Lie algebroid.
Applying Theorem 1.28 or Theorem 1.4 in [BZ11] to the surjective submersion of Lie algebroids:
AL → TL
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whose fiber over m is the isotropy Lie algebra H−1(F ,m), we obtain the following long exact sequence:
· · · → pin(Hm, 1) −→ pin(F|m,m) −→ pin(L,m) −→ · · · (17)
· · · −→ 0 −→ pi2(F|m,m) −→ pi2(L,m) −→ Hm −→ Fm t−→ L,
with F|m = s−1(m) ⊂ Fm and Hm the simply connected Lie group integrating the isotropy Lie
algebra. The second line of (17) appears in Proposition 3.9. in [AZ13]. Let us explain briefly the
relation. Equation (17) yields an exact sequence:
0 −→ pi2(L,m)
pi2(F|m,m) −→ Hm −→ F|
m
m −→ 0 (18)
which matches (3.6) in [AZ13] (up to notations): the left-hand term of the previous expression is
therefore what Androulidakis and Zambon call the essential isotropy group of L.
2.2 Ehresmann F-connections
2.2.1 Definition and existence
Let L be a locally closed leaf of a singular foliation F .
Definition 2.20. An Ehresmann F-connection near L is a triple made of:
a) A neighbourhood ML of L in M equipped with a projection p : ML → L;
b) An Ehresmann connection H for p whose sections are elements of F .
It is said to be a complete Ehresmann F-connection near L if H is complete.
Let us discuss existence of such objects. The first statement of the following Proposition was established
and proved while discussing with Iakovos Androulidakis [And17].
Proposition 2.21. Any locally closed leaf L of singular foliation F admits an Ehresmann F-connection
in a neighborhood of L. It can be chosen to be complete, possibly in a sub-neighborhood ML, if there
exists a function κ : ML → R vanishing along L such that the restriction of p : {κ ≤ 1} → L is a proper
map satisfying either of the following assumptions:
1. κ is constant along the leaves,
2. for every m ∈ κ−1(1), there exists a vector field u ∈ F tangent to the fibers of p such that
u[κ]|m 6= 0.
Proof. According to the tubular neighborhood theorem, there exists a neighborhood U of the leaf L
in M that comes equipped with a projection p : U → L which is a surjective submersion. Now, there
is a neighborhood ML of L in U such that for all m ∈ ML, TmF + Ker(Tmp) = TmM . For every
m ∈M , there exists d = dim(L) sections of F whose values at m generate a vector space in direct sum
with Ker(Tmp). There exists a neighborhood Vm ⊂ML of m on which the distribution Hm generated
by these vector fields is also in direct sum with the tangent space of the fibers, defining therefore an
Ehresmann F-connection Hm on Vm.
Let (φi, Vi)i∈I be a partition of unity of ML, such that an Ehresmann F-connection Hi of the previous
type exists on Vi. A global Ehresmann F-connection on ML is given as follows: it is the unique
distribution for which the horizontal lift of X ∈ X(L) is H(X) := ∑i∈I φiHi(X) with Hi(X) the
horizontal lift of X|p(Vi) with respect to Hi on Vi.
If a function κ satisfying the first condition exists, then the horizontal lift X˜ of every vector field
X ∈ X(L) satisfies X˜[κ] = 0, so that its flow preserves {κ ≤ 1}. Since p : {κ ≤ 1} → L is a proper
map, this proves that the flow of X is defined if and only if the flow of X˜ is defined.
20
Assume now that a function κ satisfying the second condition exists. This implies that {κ = 1} is a
submanifold of ML. Using partitions of unity, we can construct a vertical vector field u ∈ F such that
u[κ] = 1 at any point of {κ = 1}. Now, let H be an Ehresmann F-connection on p : ML → L. By
assigning to a vector field X ∈ X(L) the vector field H(X)−H(X)[κ]u, we define a second Ehresmann
F-connection Hκ whose sections are tangent to the submanifold {κ = 1}, and therefore preserves the
subset {κ ≤ 1} ⊂ ML. Since p is a proper map on that subset, the flow of X is defined if and only if
the flow of Hκ(X) is defined, hence the claim.
Example 2.22. Let M = TSn be the tangent space of the sphere with its standard metric, and let
κ : TSn → R be the square of the norm. Let F be the singular foliation on M = TSn of all vector fields
X that satisfy X[κ] = 0. The leaves of this singular foliations are the sets κ−1(λ) for λ ∈ R+. Moreover,
κ−1(0), i.e. the zero section, is the unique singular leaf. The function κ obviously satisfies the first
condition in Proposition 2.21, so that complete Ehresmann F-connections exist. Indeed, the horizontal
distribution associated to the Levi-Civita connection is a complete Ehresmann F-connection.
Example 2.23. Let F be the singular foliation on M = TSn of all vector fields tangent to the zero
section Sn ⊂ TSn. The zero section is a leaf, and the function κ defined in Example 2.22 now satisfies
the second condition of Proposition 2.21. Hence a complete Ehresmann F-connection exists. Indeed,
the horizontal distribution associated to any linear connection is a complete Ehresmann F-connection.
Consider a complete Ehresmann F-connection (ML, p,H) near a locally closed leaf L. The fiber of p
over ` is an F-transversal to F at `. The restricted singular foliation F|p−1` shall be denoted T`.
Proposition 2.24. Consider a complete Ehresmann F-connection (ML, p,H) near a locally closed
leaf L. Every ` ∈ L admits a neighborhood U ⊂ L and a local diffeomorphism p−1(U) ' U × p−1(L)
intertwining F with the direct product foliation X(U)× T`.
Proof. It suffices to prove the following result: “For L ' Jn with J =]−1, 1[, if a complete Ehresmann
F-connection (ML, p,H) over L exists, then a flat8 complete Ehresmann F-connection exists”.
We prove this statement by induction on n. For n = 1, since every Ehresmann connection is flat, the
result is straightforward.
Assume that it holds true for some n ∈ N. Consider a complete Ehresmann F-connection (ML, p,H)
over L = Jn+1. Let t ∈ J stand for the variable in the last copy of J . The horizontal lift (with respect
to H) of the vector field ∂∂t being complete by assumption, its flow defines a family of diffeomorphisms
Ψt : p
−1(Jn×{s})→ p−1(Jn×{s+ t}) for all t, s ∈ J such that s+ t ∈ J . Being the flow of an element
in F , Ψt preserves F , so that:
(Ψt)∗ : F|p−1(Jn×{0}) ' F|p−1(Jn×{t}). (19)
By recursion hypothesis, there exists a flat complete Ehresmann F-connection (ML, p,H ′) on the
restriction
p−1(Jn × {0})→ Jn × {0}.
We use Ψt to transport this flat complete Ehresmann connection H˜
′ over
p−1(Jn × {t})→ Jn × {t}.
According to Equation (19), H˜ ′ is a flat Ehresmann F-connection for all t ∈ J . Consider the distribu-
tion
H ′′ := 〈H( ∂∂t )〉 ⊕ H˜ ′. (20)
The distribution H ′′
1. is of rank n+ 1 and is horizontal with respect to p,
8A flat Ehresmann connection is a horizontal distribution whose sections are closed under the Lie bracket of vector
fields.
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2. is flat because H˜ ′ is flat over p−1(Jn × {t}) for all t ∈ J and is by construction invariant under
the flow of H( ∂∂t ),
3. has sections in F because H( ∂∂t ) ∈ F , and because sections of H˜ ′ are in F ,
4. is complete because H( ∂∂t ) is a complete vector field and H˜
′ is a complete flat Ehresmann
connection on p−1(Jn × {t}) for all t ∈ J . Since complete vector fields for a flat connection are
a C∞L -module, this is enough to guarantee the completeness of H ′′.
This completes the proof.
Remark 2.25. When F is a Debord foliation, hence comes from a Lie algebroid with an anchor map
injective on an open subset, then Theorem C in [Fre19] gives an alternative proof of Proposition 2.24.
2.2.2 Ehresmann F-connections and NQ-manifolds
Since most singular foliations that appear in a given concrete problem are locally real analytic, and
since locally real analytic singular foliations do admit geometric resolution over a locally compact
open subset in view of Theorem 2.4 in [LgLS17], the following theorem justifies the assumption that
we always make about the existence of a universal NQ-manifold for F on ML.
Theorem 2.26. Consider a complete Ehresmann F-connection (ML, p,H) near a compact leaf L.
The following statements are equivalent:
(i) There exists an ` ∈ L such that T` admits a geometric resolution.
(ii) The restriction of F to ML admits a universal NQ-manifold.
In particular, if T` is a locally real analytic singular foliation, and p−1(`) is relatively compact in M ,
then (ii) holds.
Of course, T` is a locally real analytic singular foliation if F is locally real analytic singular foliation
and p is, around each point, real analytic in some local coordinates (that do not need to patch in a
real analytic manner).
Proof. It is obvious that (ii) implies (i). Conversely, Proposition 2.24 implies that for any `, `′ ∈ L, T`
and T`′ are isomorphic and that any `′ ∈ L has a neighbourhood U`′ such that p−1(U`′) ⊂ML admits
a geometric resolution. By compactness of L, ML can be covered by finitely many such p
−1(U`′). The
statement now follows from Section 3.2.2 in [LgLS17].
Proposition 2.27. Consider an Ehresmann F-connection (ML, p,H) near a locally closed leaf L.
Assume that F is the image through the anchor ρU : E−1 → TM of an NQ-manifold U on ML.
1. The composition Tp ◦ ρU : E−1 → TL is an NQ-manifold fibration P : U→ TL over the tangent
Lie algebroid TL.
2. There exists Ehresmann connections HU ⊂ E−1 for P : U→ TL such that ρU(HU) = H.
3. Moreover, such an Ehresmann connection HU is complete for P if and only if (ML, p,H) is a
complete Ehresmann F-connection.
Proof. Since the anchor map ρU : U→ X(ML) is a Lie∞-algebroid morphism and since the projection
Tp : X(ML) → X(L) is a Lie algebroid morphism, their composition is a Lie ∞-algebroid morphism.
Since p : ML → L is a surjective submersion and since Tp : H → TL is bijective and Hm ⊂ ρU(E−1|m),
this Lie ∞-algebroid morphism is a surjective submersion. This proves the first item.
To prove the second item, it suffices to construct a vector bundle morphism σ : H → E−1 such that
ρ ◦ σ = idH : Its image HU = σ(H) ⊂ E−1 satisfies then the required conditions. Let us first construct
22
such a section locally. Let d be the dimension of L. Since H is an Ehresmann F-connection, there
exists for every m ∈ML vector fields X1, . . . , Xd ∈ F that generate H on every point in a neighborhood
Um ⊂ML. Let e1, . . . , ed ∈ ΓUm(E−1) be sections such that ρ(ei) = Xi for all i = 1, . . . , d. The vector
bundle morphism: σU : H → E−1 mapping Xi|m′ to ei|m′ for all m′ ∈ U satisfies ρ ◦ σU = idH on
U by construction. Let (Ui, φi)i∈I be a partition of unity of M such that each open subset Ui comes
equipped with a section σi : H → E−1 as above. The vector bundle morphism:
σ :=
∑
i∈I
φiσi
satisfies ρU ◦ σ =
∑
i∈I φi ρU ◦ σi =
∑
i∈I φi idH = idH . This proves the second item.
The third item is an immediate consequence of Definition 1.18.
2.3 The higher holonomies of a singular leaf
Throughout this section, L is a locally closed leaf in is a singular foliation F on a manifold M .
2.3.1 Main theorem and definition
The main result of this section is the following theorem.
Theorem 2.28. Let F be a singular foliation that permits geometric resolutions. Let L be a locally
closed leaf that admits a complete Ehresmann F-connection (ML, p,H). For every ` ∈ L, there exist
group morphisms
Hol : pin(L, `)→ Γ (pin−1(T`)) (21)
such that for all m ∈ p−1(`) the sequence
· · · Hol|m−→ pin(T`,m) i→ pin(F|ML ,m) P→ pin(L, `)
Hol|m−→ pin−1(T`,m)→ . . . (22)
is exact.
Proof. Let UF be a universal NQ-manifold of F . According to the first item of Proposition 2.27, the
morphism of NQ-manifold UF → TL given by P := Tp ◦ ρ : E−1 → TL is a fibration of NQ-manifolds.
According to the second item in Proposition 2.27, P admits an Ehresmann connection. According to
its third item, the latter Ehresmann connection is complete.
We can therefore apply Theorem 1.28. Since the base Lie algebroid is the tangent Lie alegbroid
TL → L, its homotopy groups and the usual homotopy groups of the manifold L, see Example 1.29.
Also, the kernel of P over a given point ` ∈ L is the universal NQ-manifold of the transverse singular
foliation T` on p−1(`) by Lemma 2.10. Its homotopy groups are therefore the homotopy groups of the
transverse foliation T` on p−1({l}). Theorem 1.28 yields a family of group morphisms as in Equation
(21) that make the sequence (22) exact.
Definition 2.29. We call n-th holonomy of the singular foliation F near the leaf L the group morphism
(21):
Hol :
 pin(L, `) → Γ(pin−1(T`)) for n ≥ 3pi2(L, `) → Center(Γ(I(T`))
pi1(L, `) → Diff(p−1(`)/T`)
(23)
We call higher holonomies the family of these group morphisms and higher holonomy long exact
sequence the long exact sequence (22).
Above, we used the identification Γ(pi1(T`)) ' Γ(I(T`)) with T` the universal holonomy groupoid of
T` seen in Proposition 2.18, and the identification Γ(pi0(T`)) ' Diff(p−1(`)/T`) of Definition 1.12.
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Remark 2.30. Although the context is slightly different, the first holonomy
Hol : pi1(L)→ Diff(p−1(`)/T`)
matches the holonomy map constructed by Dazord in [Daz85]. Instead of complete Ehresmann con-
nection, [Daz85] assumes saturated neighbourhoods (called stable in his paper), but a line-by-line
comparaison shows that both morphisms will agree for leaves that admit a neighborhood satisfying
both conditions.
Let L˜ be a leaf of F through some point m ∈ p−1(`) for F|ML and T` respectively. The restricted
map p|L˜ : L˜→ L is a surjective submersion, and any complete Ehresmann connection on p : ML → L
restricts to an Ehresmann connection on p|L˜. By a classical theorem for fibrations (cf. eg. [Hat02]),
there exists a long exact sequence:
· · · → pin(L, `)→ pin−1(S˜,m)→ pin−1(L˜,m)→ · · · (24)
with S˜ = p−1(`) ∩ L˜ the fiber of p|L˜ : L˜→ L.
Proposition 2.31. For m a regular point, the higher holonomy long exact sequence (22) coincides
with the long exact sequence (24) associated to the fibration p|L˜ : L˜→ L.
Proof. Since both the leaf L˜ and the connected component of m in S˜ are regular leaves of F and T`,
Example 2.16 implies
pin(F ,m) = pin(L˜,m) and pin(F ,m) = pin(S˜,m).
In this case, our construction thus reduces to the long exact sequence (24).
2.3.2 The higher holonomies and Androulidalis-Skandalis holonomy groupoid.
We show that the n-th holonomy of the singular foliation F near the leaf L “projects” to a similar
group morphism associated to Androulidakis-Skandalis’ holonomy Lie groupoid.
Let F be a singular foliation that permits geometric resolutions, and L be a locally closed leaf that
admits a complete Ehresmann F-connection (ML, p,H). Throughout this section, we denote by F
the universal holonomy groupoid of F and by T` the universal holonomy groupoid of the transverse
singular foliation T` on the the fiber p−1(`).
We choose m ∈ p−1(L) and we denote by L˜ and S˜ leaves through m of F and T`. Let us apply Theorem
1.28 (or Theorem 1.4 in [BZ11]) and Example 1.31 to the surjective submersion of Lie algebroids,
P := p ◦ ρ : AL˜ 7→ TL.
The fiber over ` is easily identified with the holonomy Lie algebroid AS˜ of the leaf S˜. Also, the
Ehresmann F-connection on p : ML → L induces an Ehresmann connection on P as in Proposition
2.27. By Proposition 2.2. in [Deb13], T`|m and F|m are smooth manifolds for all m ∈M . We obtain
therefore for all m ∈M an exact sequence of the form:
pin(T`|m,m) // pin(F|m,m) // pin(L, `)
HolAS |m
ss
pin−1(T`|m,m) · · · pi2(L, `)
HolAS |m
ss
Im(T`) // Im(F) // pi1(L, `)
HolAS |m
ss
p−1(`)/T`
(25)
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The connecting maps HolAS |m, altogether, form group morphisms:
HolAS :
 pin(L, `) → Γ(pin−1(T`)) for n ≥ 3pi2(L, `) → Center(Γ(I(T`)))
pi1(L, `) → Diff(p−1(`)/T`)
(26)
Above, Γ(I(T`)) stands for sections of the source s : T` → p−1(L) which are for all m ∈M valued in
the isotropy group at m of the groupoid T`, a group that we denote by Im(T`). Also, Im(F) stands
for the isotropy group of F at m.
Definition 2.32. We call n-th AS holonomy of L the group morphism (26) and AS exact sequence
near L the exact sequence (25).
We relate these connecting maps to the higher holonomies of the leaves in the next proposition.
Proposition 2.33. Let F be a singular foliation that permits geometric resolutions. Let L be a locally
closed leaf that admits a complete Ehresmann F-connection (ML, p,H). For every ` ∈ L and n ∈ N∗,
the n-th holonomy and the n-th AS holonomy of the leaf L are equal for n = 1, 2 and for n ≥ 3 are
related by:
Γ(pin−1(T`))

pin(L, `)
HolAS **
Hol
44
Γ(pin−1(T`))
(27)
and for all m ∈ p−1(`), we have natural morphisms of long exact sequences:
pin(T`,m) i //

pin(F|ML ,m)
P
))

pin−1(T`|m,m) //

. . .
. . .
HolAS |m ''
Hol|m 77
pin(L, `)
HolAS |m ))
Hol|m 55
pin(T`|m,m) i // pin(F|m,m)
PA
55
pin−1(T`|m,m) // . . .
(28)
where all vertical lines above are the natural morphisms q of Proposition 2.18, the upper line is the
higher holonomy long exact sequence (21) of F near L and the lower one is the AS long exact sequence
(25) near L.
Proof. Let L˜ be the leaf through m ∈ p−1(`). For all σ : Sn → L, consider the horizontal lift
LH(σ,m) : I×Sn → UF in Fundamental Lemma 1.1. Its image through Q : UF → AL˜ is the horizontal
lift for AL˜ → TL. This implies the commutativity of the diagrams (27) and (28).
Remark 2.34. The restriction of F to the open subset Mreg ⊂ ML of regular points is a regular
foliation. Its holonomy groupoid (more precisely, its universal cover) is the restriction to Mreg of the
universal holonomy groupoid F. This gives an alternative proof of Proposition 2.31 as an immediate
consequence and Proposition 2.33 and Example 2.16.
Remark 2.35. Iakovos Androulidakis and Marco Zambon [AZ13,AZ14] have also defined a holonomy
morphism for a leaf of a singular foliation, which goes from the holonomy groupoid to some quotients
of jets of vector fields on the transverse singular foliation. It is not a higher holonomy in our sense.
However, it can be related to our construction as follows: Any element of the holonomy groupoid
comes from a path in AL from ` to `
′. Using the Ehresmann F-connection, for any m ∈ p−1(`) this
path can be lifted to a path ending in φ(m) ∈ p−1(`′). The class of the map φ modulo exp(I`T`) is the
holonomy of [AZ13, AZ14]. While finishing this article, we learnt that Alfonso Garmendia and Joel
Villatoro are going further in this direction (see [GV19]).
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2.3.3 The higher holonomies for singular foliations coming from a Lie algebroid.
We show that if there exists a Lie algebroid defining F , then the n-th holonomy is obtained by
projection from a group morphism associated to this algebroid, introduced by Olivier Brahic and
Chenchang Zhu in [BZ11], that we call the n-th BZ holonomy of F near L.
Throughout this section, we consider a Lie algebroid (A, [·, ·]A, ρA) over M . We denote by A its
fundamental groupoid (also referred to as the Weinstein groupoid). Then F = ρA(Γ(A)) is a singular
foliation.
Let us adapt the main results of [BZ11] in our context: Assume that a locally closed leaf L comes
equipped with a complete Ehresmann connection (ML, p,H). By construction, PA := p ◦ ρA : A→ TL
is a surjective submersion and a Lie algebroid morphism. Its kernel over a point ` ∈ L is the sub-
Lie algebroid (K, [·, ·]A, ρA) with K|m = Ker(Tmp ◦ ρA|m). We call K its fundamental Lie groupoid.
Theorem 1.28 or Theorem 1.4 in [BZ11], together with Example 1.31, can then be applied to yield a
family of group morphisms:
δBZ :
 pin(L, `) → Γ(pin−1(K`)) for n ≥ 3pi2(L, `) → Center(Γ(I(K`)))
pi1(L, `) → Diff(p−1(`)/T`)
(29)
making for all m ∈ p−1(`) the following long sequence exact:
pin(K`|m,m) // pin(A|m,m) // pin(L, `)
δBZ |m
ss
pin−1(K`|m,m) · · · pi2(L, `)
δBZ |m
ss
Im(K`) // Im(A`) // pi1(L, `)
δBZ |m
ss
p−1(`)/T`
(30)
Definition 2.36. Let (A, [·, ·]A, ρA) be a Lie algebroid over M . We call n-th BZ holonomy9 of A near
L the group morphism (29) and BZ long exact sequence of A near L the long exact sequence (30).
Corollary 3.12 in [BZ11] describes the evaluation at ` of the BZ-holonomy. Here is the relation between
both family of holonomies:
Proposition 2.37. Let A be an integrable Lie algebroid with fundamental groupoid A and F =
ρA(Γ(A)) be its induced singular foliation. For every locally closed leaf L that admits a complete
Ehresmann F-connection (ML, p,H), the first holonomy and the first BZ-holonomy coincide, and for
n ≥ 2 the n-th holonomy of F near L factorizes through the n-th BZ-holonomy of A near L:
Γ(pin−1(K`))

pin(L, `)
δBZ
44
Hol **
Γ(pin−1(T`))
Center (Γ(I(K`)))

pi2(L, `)
δBZ
33
Hol ++
Center (Γ(pi1(T`)))
(31)
9BZ stands for Olivier Brahic and Chenchang Zhu.
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For all m ∈ p−1(`), moreover, we have natural morphisms of long exact sequences:
pin(K`|m,m) i //

pin(A|m,m)

PA
))
pin−1(K`|m,m) //

. . .
. . .
δBZ |m 77
Hol|m ''
pin(L, `)
δBZ |m 55
Hol|m ))
pin(T`,m) i // pin(F|ML ,m)
P
55
pin−1(T`,m) // . . .
(32)
where the upper line is the BZ long exact sequence (30) of A near L and the lower one is the higher
holonomy long exact sequence (21) of F near L.
Proof. By universality Theorem 2.5, there exists a (unique up to homotopy) NQ-morphism Φ: A→ UF
and a unique NQ-morphism TA` → UT` (which can chosen to be the restriction of Φ to p−1(`)). If
L(m,σ) is the lift in the Fundamental Lemma 1.1 applied to a base map σ : Sn → L and an initial
shape e = m for the fibration PA : A→ TL, then Φ◦L(e,m) is the lift for the same base map σ and the
same initial shape m for the NQ-manifold fibration P : UF → TL. This implies that Φ and Φ|p−1(`)
are NQ-morphisms whose induced vertical arrows of (31) and (32) satisfy all required conditions.
One of the most intriguing open question about singular foliations, that first appeared in [AZ13], is
“Let F be a finitely generated singular foliation, do we have F = ρA(Γ(A)) for some Lie algebroid
(A, [·, ·]A, ρA)? Is it at least true locally?”. Let us recapitulate a few points about this problem (see
Example 3.9–3.16 in [LgLS17]):
1. For many singular foliations, no natural Lie algebroid seems to exist (e.g. vector fields on Rn
vanishing at order two at zero, or tangent to a given affine variety).
2. For many singular foliations, such a Lie algebroid is known to exist (e.g. symplectic leaves of a
Poisson structure, orbits of a Lie group action).
3. But even if such a Lie algebroid exists, it may not be unique.
For singular foliations as in item 2, Proposition 2.37 can and will be quite useful to compute the
holonomies. But item 1 warns us that it might not be always possible. Item 3 means that we should
not hope that the BZ holonomies “know more” about the singular leaf than the holonomies that we
constructed: they certainly “know more” in view of (31), but they may contain information which is
not related to the singular foliation itself but only to the particular Lie algebroid defining it.
2.4 Examples and particular cases
Let us specialize our construction of the higher holonomies to several types of singular foliations.
Projective singular foliations. We say that a singular foliation F is Debord or projective when
F is projective as a module over C∞M . By Serre-Swann theorem, it means that F is the image of a
Lie algebroid A through a Lie algebroid whose anchor is injective on a dense open subset. Since the
C∞M -module of sections of the Lie algebroid TF is isomorphic to the C∞M -module F , the Lie algebroid
A is a universal NQ-manifold of F . The following is an obvious consequence of Proposition 2.37:
Corollary 2.38. Let F be a Debord singular foliation with associated Lie algebroid A, and L a leaf that
admits an Ehresmann connection on a neighborhood. The higher holonomies and the higher holonomy
long exact sequence of F at L coincide with the BZ holonomies and the BZ long exact sequence of the
Lie algebroid A at L.
Of course, regular foliations are an instance of this situation.
Example 2.39. For a regular foliation, only Hol1 is not zero, and coincides with the usual holonomy.
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Singular foliations arising from a Lie algebroid of minimal rank. Let L be a leaf of a singular
foliation that admits an Ehresmann connection (ML, p,H), and AL its holonomy Lie algebroid. We
say that the leaf L admits a Lie algebroid of minimal rank if there exists a Lie algebroid A on ML
defining F such that A|L = AL.
Proposition 2.33 states that HolAS nand Hol agree on pi1(L,m) and pi2(L,m) for any lef L of a singular
foliation that admits a complete Ehresmann connection. For the higher holonomies, the following is
an immediate consequence of Proposition 2.37:
Corollary 2.40. If L admits a Lie algebroid of minimal rank A, then there exist for all n ≥ 3 group
morphisms φ : pin−1(T`|m,m)→ pin−1(T`,m) such that Hol = φ ◦HolAS.
Here are a few instances of this situation:
Example 2.41. Let p : E → L be a vector bundle of rank k over a manifold L that we identify with
the zero section. For simplicity, we assume pi1(L) = 0. Let F the singular foliation of all vector fields
on E tangent to L. Every linear connection induces an Ehresmann connection for the zero section.
The leaf L admits a Lie algebroid of minimal rank: the Lie algebroid CDO(E) (see [Mac87]), so that
we are in the situation of Corollary 2.40. It suffices therefore to describe the AS holonomy.
1. Let us compute HolAS |m for all nonzero m ∈ p−1(L). The restriction of the universal holonomy
groupoid to E\L is the fundamental groupoid of E\L. Since L is simply-connected by assump-
tion, the latter groupoid is the pair groupoid (E\L) × (E\L) ⇒ (E\L), and HolAS |m is the
connecting map associated to the fibration: p : E\L→ L. Since the fiber is E`\{0`}. The latter
being homotopic to a (k − 1)-sphere, with k the rank of E, we obtain a group morphism:
HolAS |m : pin(L, `)→ pin−1(Sk−1, N)
2. Let us compute HolAS |` for ` ∈ L. Since the Lie algebroid CDO(E) integrates to the Lie
groupoid made of all invertible linear maps between fibers of E, the universal cover of s−1(`)
is the universal cover F˜r(E) of the frame bundle of E. Its fiber over ` is the universal cover
G˜L(E`) of GL(E`). In this case, HolAS |` is the connecting map associated to the fibration:
p : F˜r(E)→ L. Since the fibers are G˜L(E`), we obtain therefore group morphisms:
HolAS |` :=
 pin(L, `) → pin−1(G˜L(E`), e) = pin−1(GL(E`), e) for n ≥ 3pi2(L, `) → Center(G˜L(E`)) = Z/2Z
A direct computation shows that the second map corresponds to the second class of Stiefel-
Whitney.
Example 2.42. When L = Sk and E = TSk with k ≥ 2, the higher holonomies of Example 2.41
satisfy HolAS |m = 0 if and only if
(i) m is not in the zero section of TSn and k = 3, 7.
(ii) m is in the zero section of TSn and k is odd.
This comes from the well-konwn fact that the tangent space of spheres of odd dimension admits a
nowhere vanishing section, while its frame bundles admits a section iff k = 3, 7.
Example 2.43. “Period map the Crainic-Fernandes.” The second higher holonomy, evaluated at the
point `, is a group morphism pi2(L) → Center(I`(T`)). Let us check that it coincides with Crainic-
Fernandes’ period map [CF03] for the holonomy Lie algebroid AL → L. The higher holonomies Hol|`
and HolAS |` agree on pi2(L, `) in view of Proposition 2.33. Item 2 in Corollary 3.12 in [BZ11] identifies
HolAS |` (which is associated to the Lie algebroid fibration AL → TL) with the period map the Crainic-
Fernandes. This completes the proof of the claim. We could also prove the claim using the equality of
the short exact sequence (18) with the short exact sequence (3.6) in [AZ13] and a similar claim made
in Remark 4.3 in [AZ13]. Last, since Debord [Deb13] proved longitudinal smoothness -using a totally
independent argument- the period map the Crainic-Fernandes has a discrete image.
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